Abstract-In this paper, we investigate the system performance of a multi-cell multi-user (MU) hybrid millimeter wave communications in a multiple-input multiple-output (MIMO) network. Due to the reuse of pilot symbols among different cells, the performance of channel estimation is expected to be degraded by pilot contamination, which is considered as a fundamental performance bottleneck of conventional multi-cell MU massive MIMO networks. To analyze the impact of pilot contamination to the system performance, we first derive the closed-form approximation of the normalized meansquared error of the channel estimation algorithm proposed by Zhao et al. over Rician fading channels. Our analytical and simulation results show that the channel estimation error incurred by the impact of pilot contamination and noise vanishes asymptotically with an increasing number of antennas equipped at each radio frequency chain at the desired BS. Furthermore, by adopting zero-forcing precoding in each cell for downlink transmission, we derive a tight closed-form approximation of the average achievable rate per user. Our results unveil that the intra-cell interference and inter-cell interference caused by pilot contamination over Rician fading channels can be mitigated effectively by simply increasing the number of antennas equipped at the desired BS.
rate requirement of emerging applications, millimeter wave (mmWave) massive multiple-input multiple-output (MIMO) systems have been proposed [22] , [23] . Specifically, mmWave massive MIMO cellular systems provide a huge trunk of the unlicensed bandwidth of the order of gigahertz to achieve ultra-high data rate communication. In practice, to strike a balance between the data rate, hardware cost, 1 system complexity, and power consumption, hybrid mmWave MIMO systems are proposed for practical implementation [8] , [18] , [22] , [24] . Due to the hybrid MIMO structure, the required number of radio frequency (RF) chains equipped at a base station (BS) and users are much smaller than the number of antennas equipped at the BS and users. Thus, both the hardware cost and the energy consumption of hybrid mmWave massive MIMO systems can be reduced significantly compared to the conventional fully digital mmWave massive MIMO structure, e.g. [7] , [8] . Furthermore, the severe propagation path loss of mmWave channels between the transceivers can be compensated by forming a highly directional information beam enabled by the massive numbers of antennas.
On the other hand, as required by 3GPP new radio (NR), the BSs of mmWave network systems is ultra-densely deployed with small cell radius for improving the network coverage and to meet the data rate requirement of the enhanced Mobile BroadBand (eMBB) applications (the peak data rate is 10 Gbps and the minimum is 100 Mbps 2 ) [25] , [26] . The ultradense mmWave network facilitates the reuse of the same piece of spectrum across a large geographic area 3 for achieving a high network spectral efficiency [27] and reducing the severe large-scale propagation path loss by shortening the distances between transceivers [12] , [28] . In practice, the interference received at the desired user in ultra-dense mmWave network systems originates from two sources, as illustrated in Fig. 3 of [28] : interference among different BSs and interference within the desired cell. It is mentioned in [12] that, mmWave beams are highly directional, which completely changes the interference behavior as well as the sensitivity to beams misalignment. In particular, the interference adopts an on/off behavior where strong interference occurs intermittently [12] . With a shrinking cell radius, distances from neighboring BSs to the desired user decrease, which may lead to severe intercell interference to the desired user. Recently, it is also mentioned in work [29] that the received interference significantly increases when directional transmission are simultaneously adopted in both transceivers for the same amount of total emitted energy. Besides, due to the impact of imperfect channel state information (CSI) on the design of downlink precoder, the desired BS will cause severe intra-cell interference on the desired user. Thus, for the multi-small-cell mmWave downlink transmission with imperfect CSI and a large number of antennas, the desired user may suffer severe intra-cell and inter-cell interference. Hence, it is necessary to study the interference in multi-small-cell hybrid mmWave systems.
A. Pilot Contamination in mmWave Systems
In mmWave systems, channel estimation is important for unlocking the potential of the system performance. Majority of contributions in the literature focus on the development of CSI feedback based channel estimation methods for hybrid mmWave systems, e.g. [20] , [30] [31] [32] [33] [34] . In practice, the 5G NR specification includes a set of basic beam-related procedures for the above 6 GHz CSI acquisition. The beam management of 5G NR mmWave systems consists of four different operations, i.e., beam sweeping, beam measurement, beam determination, and beam reporting. Taking a singleantenna user in 5G NR stand-alone (SA) downlink scheme for example, the BS sequentially transmits synchronization signals (SS) and CSI reference signals (CSI-RSs) to the users by using a predefined codebook of directions. Then, the users search and track their optimal beams by measuring the collected CSIRSs. At the end of CSI acquisition phase, beam reporting, the users feedback the determined beam information (beam quality and beam decision) and the random access channel (RACH) preamble to the BS.
However, these feedback-based channel estimation algorithms have some drawbacks. Most of channel estimation methods are based on the assumption of the sparsity of mmWave channels that the numbers of resolvable angles-ofarrival (AoA)/departure (AoD) paths are finite and limited. Thus, the CSI acquisition via feedback only leads to a small amount of signaling overhead compared to non-sparse CSI acquisition. However, the sparsity assumption for practical mmWave channels may not hold in some special scenarios 4 [18] , [35] [36] [37] [38] . Thus, the explicit CSI feedback from the users to the BS is required by the RACH-based approaches which may incur high complexity and extra signalings overhead. In particular, the required amount of feedback signaling overhead increases tremendously with the number of scattering components as well as scales with the number of antennas equipped at the BS, consuming a significant portion of system resources [30] . In addition, there will be a system rate performance degradation due to the limited amount of the feedback and the limited resolution of CSI quantization [30] . Therefore, a low computational complexity mmWave channel estimation algorithm, which does not require explicit CSI feedback, is necessary to unlock the potential of mmWave massive MIMO systems. Recently, an alternative algorithm, which performs the mmWave channel estimation in the uplink by exploiting the reciprocity of downlink in TDD systems and sound reference signal (SRS), has been investigated in works [2] , [39] . The utilization of SRS, e.g. orthogonal pilot symbols, transmitted from the users to the desired BS for the estimation of equivalent channels is novel and different from previous works utilizing SS and CSI-RS [40] [41] [42] . The analytical and numerical results illustrated that mmWave multiuser (MU) channel estimation at the BS in uplink outperforms downlink channel estimation at the users for a fixed overhead, even if the required signaling overhead feedback is not taken into account [39] . The results hold for both fully digital and hybrid architectures at the receiver and transmitter sides and have been verified via the recent field test [43] . Besides, the algorithm mentioned above can work well in sparse and non-sparse environments 5 [2] . For the algorithm proposed in [2] , the designed analog beamformers allow signal transmission and reception along the strongest AoA directions, which reduce the interference outside the strongest AoA directions and utilize the transmission power more efficiently. It can strike a balance between the system robustness [41] , the impact of multi-paths on signal processing, 6 and the receive desired energy degradation of the received signal [2] . It was shown that the algorithm proposed in [2] could achieve a considerable achievable rate of the optimal fully digital systems and possess robustness against beam misalignments as well as the hardware imperfection. Besides, the third step of the algorithm proposed in [2] can be applied to the existing beam sweeping protocols in 5G NR for further evolution. Yet, paper [2] only considered a simple single-cell scenario. Note that, the introduction of frequency reuse and small-cell incur strong inter-cell interference during the uplink channel estimation phase and the downlink data transmission phase [12] , [17] , [22] , [29] .
B. Related Prior Works
Since the resources of orthogonal pilots are limited, they are reused among different cells for multi-cell channel estimation. 5 The algorithm proposed in [2] can exploit orthogonal pilot symbols transmission from users to the BS via the strongest received AoA paths in the case of line-of-sight (LOS) and non-line-of-sight (NLOS) environments. The NLOS scenario is considered as the most common user-case of mmWave systems, cf., the 3GPP channel model as well as various discussions on the development in the channel modeling literature e.g. [18] , [38] , [44] . 6 The after-analog-beamforming root-mean-square (RMS) delay spread of power delay profile (PDP) of equivalent channels is significantly smaller than that of omni-directional antenna estimated exact channels [38] , [44] , [45] .
In this case, the received pilot symbols from the users in the desired cell for channel estimation are affected by the reused pilot symbols from the users in neighboring cells, which is known as pilot contamination [17] , [46] . As a result, the downlink transmission based on the CSI obtained via contaminated pilots causes severe intra-cell and inter-cell interference in the desired cell. In fact, pilot contamination is considered as a fundamental performance bottleneck of the conventional multicell multiuser (MU) massive MIMO systems, since the resulting channel estimation errors do not vanish even if the number of antennas is sufficiently large, cf. [4] , [17] , [19] , [46] , [47] . Recently, various algorithms [46] , [48] [49] [50] [51] [52] [53] have been proposed to alleviate the impact of pilot contamination, e.g. data-aided iterative channel estimation algorithms, pilot design algorithms, multi-cell minimum mean squared error (MMSE) based precoding algorithms, and so forth. However, some algorithms, e.g. multi-cell MMSE algorithm, are mostly based on the assumption that the desired BS can have perfect knowledge of covariance matrices of pilot-sharing users in neighboring cells, which is overly optimistic. Besides, the condition that the desired BS has the perfect knowledge of covariance matrices is a necessary but not sufficient condition for pilot contamination mitigation, cf. [51] [52] [53] . The algorithm proposed in [51] requires that covariance matrices of pilot-sharing users in neighboring cells are orthogonal, which is unlikely in practice [53] . Also, the requirement of [52] for completely eliminating pilot contamination is that the number of antennas equipped at the BS and the size of a coherence time block jointly go to infinity.
In the literature, most of existing multi-cell massive MU-MIMO works for pilot contamination [12] , [17] , [19] , [46] assumed that cross-cell channels from pilot-sharing users in neighboring cells to the desired BS are Rayleigh fading channels with zero means. However, as discussed in [55, Section IV] , it is probably not accurate for modeling the inter-cell interference as a Gaussian random variable with a small-cell setting. In fact, recent field measurements have confirmed that the strongest AoA components always exist in the inter-cell mmWave channels in small-cell systems [18] , [35] , [36] , [38] . Besides, the mean values of cross-cell channels are not zero and different from each other. In other words, the distribution of cross-cell mmWave channels is different from that of the sub-6 GHz channels. Thus, the results obtained in works mentioned above for pilot contamination mitigation and performance analysis, e.g. [12] , [17] , [22] , [46] , [53] , cannot be applied directly. Furthermore, a thorough study on the impact of pilot contamination in such a practical network system has not been reported yet.
C. Contributions
Motivated by the aforementioned discussions, we consider a multi-small-cell MU hybrid mmWave system. In particular, we apply the non-feedback TDD-based mmWave channel estimation algorithm proposed in [2] to the considered multicell scenario and study the corresponding performance of channel estimation under the impact of pilot contamination. In addition, we analyze the downlink achievable rate performance of the hybrid mmWave system by taking into account the CSI errors caused by pilot contamination and inter-cell interferences originated from the BSs in neighboring cells. Note that, for pilot contamination mitigation, this paper does not require any information of covariance matrices of pilot-sharing users in neighboring cells as required by the multi-cell MMSE-based precoding algorithm proposed in [53] . In addition, the algorithm adopted in this paper can work well while mean values of cross-cell channels from pilot-sharing users in neighboring cells to the desired BS are non-zero. Our main contributions are summarized as follows:
• We apply the three-step mmWave channel estimation algorithm proposed in [2] to a multi-cell scenario. Then, we study the impact of pilot contamination on the uplink mmWave channel estimation due to the reuse of orthogonal pilot symbols among different cells. Our results reveal that in the phase of channel estimation, the receive analog beamforming matrix adopted at the desired BS forms a spatial filter which blocks the signal reception of the undesired pilot symbols from neighboring cells.
In particular, with an increasing number of antennas equipped at each RF chain, the mainlobe beamwidth of the spatial filter, which aligns to the strongest AoA direction, becomes narrower and the amplitude of sidelobes becomes lower. Thus, the impact of pilot contamination caused by the users outside strongest AoA directions can be mitigated. We mathematically prove that the normalized mean squared error (MSE) performance of the channel estimation algorithm proposed in [2] improves proportionally with the increasing number of antennas equipped at each RF chain, which is different from previous results in [17] and [46] . x . The distribution of a circularly symmetric complex Gaussian (CSCG) random vector with a mean vector x and a covariance matrix σ 2 I is denoted by CN (x, σ 2 I), and ∼ means "distributed as". I P is an P × P identity matrix. 
II. SYSTEM MODEL
In this paper, a multi-cell MU hybrid subarray mmWave system is considered. The system consists of L neighboring cells and there are one BS and N users in each cell, cf. Fig. 1 . The BS in each cell is equipped with N RF RF chains serving the N users simultaneously. We assume that each RF chain equipped at the BS can access to a uniform linear array (ULA) with M antennas by using M phase shifters. Besides, each user is equipped with one RF chain and a P -antenna array. In addition, we focus on M N RF , which exploits a large antenna array gain with limited number of RF chains. Work [10] proved that when the number of RF chains equipped at the BS is more than twice of the number of users, the hybrid systems can realize the rate performance of the fully digital systems. In general, for the case of N RF = N , the hybrid system can provide enough degrees of freedom to serve N users simultaneously. If the BS can equip with more RF chains, more degrees of freedom can be exploited for the design of analog beamformers and digital precoders. In addition, the extra RF chains adopted by the BS can be used for user scheduling design and multipath diversity exploitation. Thus, for the case that N RF > N, hybrid systems can achieve higher rate performance than that of N RF = N . In addition, Zhang et al. [56] , Zhang and Huang [57] , and Bogale et al. [59] employed RF chains with sets of digitally controlled phase paired phase-shifters and switches to achieve the same rate performance as that of the fully digital system. Furthermore, with the support of an advanced hybrid architecture [55] [56] [57] , hybrid systems can achieve higher rate performance than that of adopting a simple ULA antenna array case. However, how to exploit extra RF chains as well as advanced hybrid architectures to further improve the rate performance of hybrid systems is beyond the scope of this paper. We may consider the case of N RF > N and the case of adopting advanced hybrid architectures for channel estimation and downlink transmission precoding in our future works. To simplify the analysis in the following sections, without loss of generality, we set N RF = N and each cell has the same number of RF chains equipped at the BS.
According to the widely adopted setting for multi-cell TDD in uplink channel estimation and downlink data transmission, we assume that the users and the BSs in all cells are fully synchronized in time [17] , [46] . We denote H k ∈ C M×P as the uplink channel matrix between the desired BS and user k in the desired cell. Besides, H k is a narrowband slow time-varying block fading channel. Recent field tests show that both strong LOS components and non-negligible scattering components may exist in mmWave propagation channels [18] , [36] , especially in the urban areas. In this paper, without loss of generality, H k , consists of a strongest AoA component H SAoA,k ∈ C M×P and N cl scattering clusters/paths
, [40] , [41] , [58] , [59] , which can be expressed as
where k accounts for the corresponding large-scale path loss, α k,0 is the complex gain corresponding to the strongest AoA component and
the complex gain corresponding to the i-th cluster. We can also assume that {α k,i } are in non-increasing order, i.e.,
We note here, the strongest AoAs can be either from the LOS components or the NLOS components. Then, the strongest AoA component of user k in the desired cell, H SAoA,k , can be expressed as [60] 
where h BS SAoA,k ∈ C M×1 and h SAoA,k ∈ C P ×1 are the antenna array response vectors of the BS and user k, respectively. In particular, h BS SAoA,k and h SAoA,k can be expressed as [60] 
respectively, where d is the distance between the neighboring antennas at the BS and users and λ is the wavelength of the carrier frequency. Variables θ k ∈ [0, π] and φ k ∈ [0, π] are the angle of incidence of the strongest path at antenna arrays of the desired BS and user k, respectively. As commonly adopted in the literature [60] , we set d = λ 2 for convenience. Similarly, the scattering components of user k in the desired cell, H S,k , can be expressed as
are the antenna array response vectors of the BS and user k associated to the i-th propagation path, respectively. By introducing the power ratio of the strongest cluster power over the other scattered paths of user k,
, we can rewrite Equation (1) as
Scattering components
With the increasing number of clusters, the path attenuation coefficients and the AoAs between the users and the BS behave randomly [36] . Let U l,k ∈ C M×P be the inter-cell mmWave uplink channel between user k in the l-th neighboring cell and the desired BS, l ∈ {1, . . . , L}, cf. Fig. 1 . Let H T l,k ∈ C P ×M be the inter-cell downlink mmWave channel between the BS of the l-th neighboring cell and user k in the desired cell, cf. Fig. 1 . Since the inter-cell distance is shortened in small-cell systems, the inter-cell channels usually contain the strongest AoA components. Thus, the inter-cell uplink and downlink mmWave channels can be expressed as
Scattering component and (7)
respectively, where l,k and l,k are the corresponding largescale path loss coefficients. We note that ς l,k and ς l,k are the power ratios of the strongest cluster power over the other scattered paths' power for the uplink and downlink inter-cell channels, respectively. The strongest AoA compo-
follow similar assumptions as in Equations (2)−(4). Besides, the scattering components U S,l,k and H T S,l,k follow similar assumption as in Equation (5). All these mentioned inter-cell propagation path loss coefficients are related to the propagation distance and modeled as in [18] , [35] , and [36] . According to recent field measurements, e.g. [18] , [35] , [36] , [61] , [62] , the typical values of the power ratios of the strongest cluster power over the other scattered paths' power ς l,k and ς l,k for U l,k and H 
III. MULTI-CELL UPLINK CHANNEL ESTIMATION PERFORMANCE ANALYSIS
In this section, we adopt the algorithm proposed in [2] for the estimation of an equivalent mmWave channel which comprise the physical mmWave channels and analog beamforming matrices adopted at the desired transceivers. The proposed algorithm is suitable for both the conventional fully digital systems and the emerging hybrid systems with fully access and subarray implementation structures. For the sake of presentation, we provide a summary of the algorithm proposed in [2] in the following. Specifically, each RF chain can access to the M antennas via a phase shifter network.
There are three steps in the algorithm proposed in [2] . In the first and second steps, the strongest AoAs between the desired BS and the users are estimated. Then, the desired BS and the users design their analog beamforming matrices by aligning the beamforming direction to the estimated strongest AoAs, which is similar to [63] . In the third step, orthogonal pilot symbols are transmitted from the users to the BS by using the pre-designed analog beamforming matrices. Then, by exploiting the channel reciprocity, the equivalent downlink channel can be estimated and adopted at the BS as the input for the digital baseband precoder.
Note that, orthogonal pilot symbols are used for the estimation of the equivalent channels in the third step. For the multicell scenario, pilot symbols are reused among different cells which results in pilot contamination and cause a severe impact on the equivalent channel estimation performance. We note that only single-cell scenario was considered in [2] and it is unclear if the channel estimation algorithm provides robustness against pilot contamination. Furthermore, the performance analysis studied in [2] does not take into account the impact of potential out-of-cell interference on the performance of channel estimation. In the following sections, we investigate the impact of pilot contamination on the mmWave channel estimation performance for small-cell scenarios.
A. Channel Estimation and Pilot Contamination Analysis
Basically, step one and step two of the proposed algorithm in [2] provide the analog beamforming matrices at the desired BS and the desired users to facilitate the estimation of equivalent channel. In particular, the analog beamforming matrices pair the desired BS and the users and align the directions of data stream transmission. Due to the inter-cell large-scale propagation path loss, the impact of multi-cell interference on the design of the analog beamforming matrices is usually negligible. 8 Besides, simulation results show that the pilot contamination does not affect strongest AoAs estimation result. 9 Therefore, to facilitate the performance analysis of the multi-cell equivalent channel estimation, we assume that strongest AoAs among the users and the BS are perfectly estimated and the desired signals always fall in the main lobe.
Based on the strongest AoAs, which are perfectly estimated at the users and the BS, the analog receive beamforming vector of user k adopted at the desired BS is given by
and the analog transmit beamformer of user i in the desired cell is given by
8 For strongest AoAs estimation at the desired BS in a multi-cell scenario, the received power of the reused pilot symbols transmitted from the users in neighboring cells is smaller than that of the desired pilot symbols transmitted from the users in the desired cell. In addition, strongest AoAs estimation may not rely on pilot symbols [23] . 9 The simulation result of the strongest AoAs estimation is omitted here due to the space limitation. However, the impact of pilot contamination on the strongest AoAs estimation will be captured in the final simulation.
In addition, we denote the analog beamforming matrix at the desired BS as
Let Φ k ∈ C N ×1 denote the pilot symbols of user k in the desired cell. The pilot symbols for all the N users in the desired cell form a matrix, Ψ ∈ C N ×N , where Φ k is a column vector of matrix Ψ given by
. . , N}, where E P represents the transmitted pilot symbol energy.
In the equivalent channel estimation, user k transmits the pilot symbols Φ k via transmit beamformer ω * i and the desired BS receives the pilot symbols utilizing the analog beamforming matrix F RF . However, the reuse of pilot symbols in neighboring cells affects the performance of equivalent channel estimation. The received signal of the k-th RF chain at the desired BS in the uplink is given by
where
T is the analog beamforming vector of user i in the l-th cell, the entries of noise matrix, Z, are modeled by i.i.d. random variables with distribution CN 0, σ 2 BS . To facilitate the investigation of channel estimation and downlink transmission, we assume that long-term power control is performed to compensate the different strongest AoAs' path loss among different desired users in the desired cell. As a result, it can be considered that large-scale propagation path losses of different users in the desired cell are identical. Thus, we can express the estimated equivalent downlink channel H T eq ∈ C N ×N at the desired BS under the impact of pilot contamination in Equation (13) at the top of next page, where Δ H T eq is the equivalent channel estimation error caused by pilot contamination and noise, and the path loss compensation matrix B ∈ C N ×N is given by
In the following, for notational simplicity, we denote
as the inter-cell propagation path loss coefficients. Now, to evaluate the impact of pilot contamination, we introduce a theorem which reveals the normalized MSE performance of equivalent channel estimation.
Theorem 1: The normalized MSE of the equivalent channel estimation with respect to the k-th RF chain under the impacts of pilot contamination and noise can be approximated as
In particular, when the number of antennas equipped at the desired BS and the users are sufficiently large, we have
Proof: Please refer to Appendix A. In Equation (15), the impact of the multi-cell pilot contamination term on the normalized MSE performance is inversely proportional to the number of antennas M and P . In addition, the noise term decreases with the increasing transmit pilot symbol energy and the number of antennas, M and P . It is important to note that, the impact of noise on channel estimation will vanish in the high signal-to-noise ratio (SNR) regime, e.g. E p 1. However, the impact of pilot contamination on the MSE performance cannot be mitigated by simply increasing the transmit pilot symbol energy E p .
It is known that the conventional massive MIMO pilot-aided LS channel estimation performance under the impact of pilot contamination cannot be improved by increasing the number of antennas equipped at the BS [17] , [46] . Interestingly, the result of Theorem 1 unveils that the impacts of pilot contamination and noise on the equivalent channel estimation will vanish asymptotically with the increasing number of antennas equipped at each RF chain, M and P . Actually, the numbers of antennas M and P have an identical effect on the normalized MSE performance. This is because the direction of analog beamforming matrices adopted at the desired BS and the desired users align with the strongest AoA path. Hence, the analog beamforming matrices adopted at the desired BS and the users form a pair of spatial filters, which block the pilot signals from undesired users to the desired BS via nonstrongest paths. In addition, transmitting the pilot signals from the desired users via the analog beamforming matrix can reduce the potential energy leakage to other undesired cells, which further reduces the impact of pilot contamination.
In order to help the readers to understand Theorem 1 from the physical point of view, we provide a detail discussion in this subsection on the result of Equation (15) via an illustrative example of a single-antenna user in the high SNR regime. In the single-antenna user scenario, we focus on the normalized estimated equivalent channel of user k, h T eq,k ∈ C 1×N , in the high SNR regime which is given by
From Equation (17), it is shown that the equivalent channel h T eq,k is formed by projecting the actual mmWave channel h k on the analog beamforming matrix F RF . Then, η k,i ∈ C 1×1 , the i-th entry of the estimated equivalent channel vector h T eq,k , representing the projection of channel of user k in the desired cell on the i-th strongest AoA direction, is given by Equation (18) 
where ε k = h T S,k ν k denotes the projection of the scattering component
The computation of Equation (19) can be illustrated graphically via the concept of vector space with projection as shown in Fig. 2(a) . The first term of Equation (19) ,
, which is the projection of the strongest AoA component on the analog beamforming direction, is a constant and is independent of M . For the second term and the third term of Equation (19) , ε k and μ k , which consist of multiple paths with various AoAs, cannot enjoy the array gain M . Actually,
these two terms will vanish asymptotically with the increasing number of antennas M .
We note that for the conventional pilot-aided channel estimation algorithms, e.g. LS-based algorithms, they estimate the channels from all the directions. Thus, BSs adopting these algorithms receiving reused pilot symbols from the undesired users and cannot be distinguished from the desired pilot symbols. It is known as pilot contamination. However, adopting analog beamforming matrices for receiving pilot symbols at the desired BS via the strongest AoA directions forms a spatial filter, which blocks the undesired pilot symbols from neighboring cells via different AoA paths. Furthermore, the "blocking capability" improves with the increasing number of antennas equipped at the BS. Specifically, the beamwidth of mainlobe becomes narrower and the magnitude of sidelobes is lower, which is illustrated in Fig. 2(b) . In fact, this is an important feature for mitigating the impact of pilot contamination. Therefore, with the equivalent channel estimation proposed in [2] , the impact of pilot contamination vanishes asymptotically with an increasing number of antennas M equipped at the desired BS, even if there exists errors in the estimation of the strongest AoAs. 10 
IV. MULTI-CELL DOWNLINK ACHIEVABLE RATE
In the last section, we mathematically prove that the impact of pilot contamination on the equivalent channel estimation can be effectively mitigated. Analytical and simulation results show that CSI errors caused by pilot contamination vanish asymptotically with the increasing numbers of antennas equipped at each RF chain of the BS and the users, M and P . Now, we aim to study the downlink performance of multicell hybrid mmWave networks, which takes into account the impact of inter-cell interference caused by the neighboring BSs as well as the intra-cell interference caused by channel estimation errors. In this section, we illustrate and derive the closed-form approximations of achievable rate per user under the impact of intra-cell and the inter-cell interference of the considered hybrid system. Our results reveal that the intra-cell interference as well as the inter-cell interference can be mitigated effectively by simply increasing the number of antennas equipped at the desired BS.
A. Downlink Achievable Rate Performance
We now detail the received information signal at user k in the desired cell. Due to the channel reciprocity, we utilize the estimated equivalent channel H T eq in Equation (13) for the digital baseband precoder design during the downlink transmission. To suppress the inter-user interference among different users, we adopt a ZF precoder for the downlink transmission. In addition, equal power allocation is used among different data streams of the users [30] . The desired baseband digital ZF precoder W eq ∈ C N ×N is given by
The received signal at user k in the desired cell under the intra-cell and inter-cell interference is given by
where x k ∈ C 1×1 is the transmitted symbol from the desired BS to the desired user k, E x 2 k = E s is the average transmitted symbol energy for each user, β =
is the transmission power normalization factor of the desired BS, Δw eq,j ∈ C N ×1 denotes the j-th column vector of the ZF precoder error matrix ΔW eq = W eq − W eq = Δw eq,1 , . . . , Δw eq,N , W eq = H * eq ( H T eq H * eq ) −1 is the designed ZF precoder based on the estimated equivalent channel, and the effective noise z MS,k ∼ CN 0, σ
−1 is the digital precoder of the BS in cell l based on the estimated equivalent channel H eq,l , F RF,l is the analog beamforming matrix of the BS in cell l,
T denotes the transmitted signal for all the users in cell l, and β l = 1 tr( W eq,l W H eq,l ) is the power normalization factor of the BS in cell l. Compared to the system model in [2] , the intra-cell interference, which is caused by CSI errors due to pilot contamination effects, is captured and investigated. In addition, the model considered here also captures the inter-cell interference caused by the simultaneous transmission from the neighboring BSs.
We then express the average receive signal-to-interferenceplus-noise ratio (SINR) expression of user k in the desired cell as Equation (22) at the top of the next page.
B. Intra-Cell and Inter-Cell Interference Performance Analysis
In this section, we aim at deriving a closed-form expression of the average achievable rate per user. To this end, we first focus on the intra-cell interference term Υ k shown in Equation (22) . Note that the intra-cell interference Υ k is caused by CSI errors, which is due to the impact of pilot contamination on channel estimation. Then we detail and analyze the inter-cell interference Φ k . The expression of intracell interference, Υ k , can be summarized in the following lemma.
Lemma 1:
In the large number of antennas regimes, the asymptotic intra-cell interference under the impact of pilot
. (22) contamination can be approximated by
Proof: The proof follows a similar approach as in [2] . Due to the page limitation, we omit the proof here. Now, we introduce the following lemma which simplifies the expression of the intra-cell interference.
Lemma 2: In the large numbers of antennas regime, the asymptotic inter-cell interference, which is caused by the BSs in neighboring cells, can be approximated as
Proof: Please refer to Appendix B. From Equation (24), the inter-cell interference is mainly contributed by the downlink transmission of neighboring BSs. Besides, the power normalization factor β can be approximated as [2] 
Then, we summarize the average achievable rate of user k in the large number of antennas and high SNR regime in the following theorem.
Theorem 2:
For a large number of antennas regime, the average achievable rate of user k adopting the ZF precoding under the intra-cell and the inter-cell interference is approximated by
Proof: The result follows by substituting Equations (23), (24) , and (25) into (22) .
In the high SNR and large antenna regimes, the average achievable rate under the impact of inter-cell interference caused by CSI errors and the intra-cell interference caused by neighboring BSs can be mitigated by simply increasing the number of antennas M . Thus, the average achievable rate per user can increase unboundedly with an increasing antenna log 2 M .
For comparison, we also derive the achievable rate of user k in a single-cell hybrid system. The performance of this system, R 
Corollary 1: Now, we derive the scaling law of the average achievable rate of user k in the high SNR regime which is given by
Proof: The result comes after some straightforward mathematical manipulation. Due to the page limitation, we omit the proof here.
It is found that the system data rate scales with log 2 M . In other words, pilot contamination is not a fundamental problem for massive MIMO with hybrid mmWave systems, when the CSI estimation algorithm proposed in [2] is adopted. In contrast, the average achievable rate performance of multicell MU massive MIMO networks adopting a conventional LS-based channel estimation algorithm is limited by the effects of pilot contamination, e.g. [11] . Note that the algorithm proposed in [2] does not require any information of covariance matrices of pilot-sharing users in neighboring cells as required by the multi-cell MMSE-based precoding algorithm proposed in [53] . In addition, the algorithm proposed in [2] can work well while mean values of cross-cell channels from pilotsharing users in neighboring cells to the desired BS are non-zero.
Remark 1: Since hybrid mmWave systems are the generalization of fully digital systems, the algorithm proposed in [2] can be extended to the case of fully digital mmWave systems. Under such circumstance, the derived analysis can be directly applied to the latter systems.
V. DISCUSSIONS AND SIMULATIONS
In this section, we will discuss and verify the derived results via simulations. In the following simulations unless specified otherwise, simulation settings are listed as follows. The transmit antenna gain of the BS antennas is assumed as 14 dBi. The maximum BS transmit power is set as 46 dBm. We set the number of neighboring cells as L = 6 and the number of users per cell N = 10. For the adopted simulation parameters, the large-scale path loss coefficients, 11 α and , may have different values for different scenarios. We have α = 1.9 and = 20 for corresponding large-scale path loss calculation [35] . In addition, the receiving thermal noise power is κ = −90 dBm. 12 The channel estimation errors of a user caused by pilot contamination is given by
. . , N}. Besides, we define the average achievable rate per user as
To verify the correctness of the analytical results derived in Equation (15), here, we provide some simulation results in Fig. 3 , which illustrates the normalized MSE performance of the equivalent channel estimation versus the number of antennas equipped at the desired BS, M , under the impact of pilot contamination. In the simulation, we take into account the inter-cell propagation path loss and AoA estimation errors in estimating the strongest AoA paths. For illustration, channel estimation errors caused by pilot contamination is set 11 The commonly adopted empirical propagation path loss model is considered as a function of distance and carrier frequency, which is given by k = 10 −((10α log 10 d k + log 10 (4π(1/λ))/10)) , where d k is the distance between the desired BS and user k in the desired cell, α and are the least square fits of floating intercept and slope over the measured distance [35] . 12 Thermal noise power is determined by the signal bandwidth B W and the noise spectral density level N 0 = B W e B T k , where B W = 250 MHz, T k = 300 K, and e B = 1.38 × 10 −23 J/K is the Boltzmann constant [35] . as ξ 2 = 0.01. Due to the existence of the inter-cell strongest AoA components, this setting can be considered as the worst case scenario of pilot contamination as the impact of inter-cell interference is magnified. In Fig. 3 , we can observe that with an increasing number of antennas M , the normalized MSE decreases monotonically. In addition, an increasing number of antennas equipped at the users P can also improve the normalized MSE. Besides, the simulation results match the analytical results derived in Equation (15) . Thus, the impact of pilot contamination on the channel estimation of multicell hybrid mmWave systems vanishes asymptotically, for a sufficiently large number of antennas equipped at the desired BS M .
In Fig. 4 , we verify the tightness of the derived approximation in Equation (26) of Theorem 2. Fig. 4 illustrates the average achievable rate per user under the intra-cell and inter-cell interference versus SNR. Besides, we illustrate the corresponding upper performance which is based on a singlecell hybrid mmWave system. In Fig. 4 , the number of antennas equipped at the users is set to P = 10, intra-cell ς k = 4, intercell ς l,k = 2, k ∈ {1, . . . , N}, the channel estimation error caused by pilot contamination is set as ξ 2 = 0.01. We can observe that the derived approximation is tight for a wide range of SNR. It also can be observed that, with a finite number of antennas, there is still a ceiling of the achievable rate performance in the high SNR regime.
The setup in Fig. 5 is considered at intra-cell ς k = 4, intercell ς l,k = 2, k ∈ {1, . . . , N}, and the number of antennas equipped at each user is P = 10. In Fig. 5 , we first illustrate the upper bounds of the average achievable rate per user of the single-cell hybrid mmWave system and the single-cell fully digital system as the system benchmarks. Without any intracell interference and inter-cell interference, the corresponding upper performance of the fully digital system as well as the hybrid mmWave system increases linearly with the increasing number of BS antennas M . Then, we compare the achievable rate per user of the fully digital system using a conventional LS-based CSI estimation algorithm to that of the hybrid system adopting CSI estimation algorithm proposed in [2] in the high SNR regime. For the fully digital system, we assume that the receive CSI at the users' side is perfectly known. Thus, the P antenna array equipped at each user can provide 10 log 10 P dB array gain. In addition, we assume that channel estimation errors of a user at the desired BS due to the impact of pilot contamination effects for both the fully digital system and the hybrid system are set as ξ 2 = 0.2. As expected, in the large number of antennas and high SNR regimes, the average achievable rate of the hybrid system increases unboundedly and logarithmically with the increasing number of antennas M , despite the existence of pilot contamination as well as inter-cell interference. The average achievable rate of the hybrid system scales with the number of BS antennas in the order of log 2 M , which is the same as that of the upper performance of the single-cell hybrid system, and verifies the correctness of the derived scaling law (Equation (28) in Corollary 1). However, the average achievable rate of the fully digital system adopting the conventional LS-based CSI estimation algorithm under the impact of pilot contamination is saturated with the increasing number of antennas at the desired BS. Thus, pilot contamination is the performance bottleneck of massive MIMO systems when the conventional LS-based channel estimation algorithm is adopted [11] . In contrast, when the channel estimation algorithm proposed in [2] is applied to the multi-cell MU mmWave hybrid system, the impacts of CSI errors caused by pilot contamination and the inter-cell interference caused by neighboring BSs on the achievable rate performance will vanish asymptotically for a sufficiently large number of antennas equipped at the desired BS. For a practical number of antennas setup, M ∈ [64, 192] , the average rate performance achieved by the algorithm proposed in [2] can also increases with an increasing number of antennas M and outperforms that of a fully digital system, which is illustrated in Fig. 5(b) . Meanwhile, the number of RF chains required in the hybrid system is significantly smaller than that of fully digital system. In addition, our simulation results in Fig. 5(a) also verify the tightness of the analytical approximation derived in Theorem 2.
VI. CONCLUSIONS
In this paper, we investigated the normalized MSE performance of the channel estimation proposed in [2] for multi-cell hybrid mmWave systems. The derived closed-form approximation of the normalized channel estimation MSE performance revealed that the channel estimation error caused by the impact of pilot contamination and noise would vanish asymptotically with the increasing number of antennas. Furthermore, based on the estimated CSI, we adopted ZF precoding for the downlink transmission and derived the closed-form approximation of the average achievable rate per user in the multi-cell scenario. The analytical and simulation results showed that the intra-cell interference caused by pilot contamination as well as the intercell interference incurred by neighboring BSs can be mitigated effectively with an increasing antenna array gain. It is an excellent feature for multi-cell hybrid mmWave systems with small-cell radius for improving the network spectral efficiency.
APPENDIX

A. Proof of Theorem 1
The normalized MSE performance of equivalent channel estimation under the impact of pilot contamination is given by
Inter−cell interference caused by strongest AoA components
Inter−cell interference caused by scattering components .
In (a), we omit some small part. Due to the small-cell radius, the inter-cell uplink propagation channels contain the strongest AoA components from the users in the neighboring cells to the desired BS. Thus, the part associated with pilot contamination can be expressed as Equation (30) at the top of this page,
. Then, the inter-cell interference caused by scattering component can be further approximated as
Now, we would like to approximate the inter-cell interference caused by the multi-cell strongest AoA components in Equation (32) at the top of the next page. In Equation (32), we have
where variables φ l,k ∈ [0, π] is the angle of incidence of the strongest AoA path at antenna arrays of user k in cell l, and Δφ l,k ∈ [0, π] is the angle of incidence of the inter-cell strongest AoA path at antenna arrays from user k of cell l to the desired BS. By defining the array gain function G act,P [x], cf. [60] , as
. Then, we have:
Similarly, we can have following preliminaries, i.e.,
and
Based on these aforementioned expressions, we rewrite
Then, Equation (32) can be re-expressed as Equation (39) at the top of the next page, where cos (φ l,k ), cos (Δφ l,k ), cos (θ l,k ), and cos (θ i ) are uniformly distributed over [−1, 1]. Besides, they are independent with each other. Exploiting the periodic property of function e j2πx , the linear antenna array Lemma 1] ). In addition, μ l,k and l,k,i is independent with each other. Thus, we re-express Equation (39) as Equation (40) at the top of the next page. In (b), we exploit the fact that
In (c), we explore the law of integration of sinc function for the number of antennas M is sufficiently large, i.e., 
where χ = π 2 M l,k,i . We substitute Equation (31) and (40) into (29) , the expression in (15) comes immediately after some straightforward mathematical manipulation.
B. Proof of Lemma 2
The inter-cell downlink transmission interference is given by Equation (44) , i ∈ {1, . . . , N}, can be asymptotically approximated as
In the large number of antennas regime, i = j, i, j ∈ {1, . . . , N},
can be approximated as τ l,k,N )] . . . . . . . . .
Thus, in the large number of antennas regime, i ∈ {1, . . . , N}, Equation (45) 
By substituting Equations (49) and (50) into Equation (43), we have
This completes the proof.
